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1. INTRODUCTION
As it is well-known the Hankel transformation is defined by
`’h f y s xy J xy f x dx , y g 0, ` , .  .  .  .  .Hm m
0
where as usual J denotes the Bessel function of the first kind and orderm
1m. Throughout this paper we will assume that m is greater than y .2
w xIn this paper, inspired in the work of Colombeau 8 , we define the
Hankel transformation on a new class of generalized functions that we
will call tempered H-generalized functions. The space of tempered H-
generalized functions will be represented by H . The distributions of slowm, t
w xgrowth introduced by Zemanian 15 to define the Hankel transformation
 .* Partially supported by DGICYT Grant PB 94-0591 Spain .
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is contained in H . Moreover our Hankel transformation reduces coin-m, t
. w xciding in a suitable weak sense to the one defined by Zemanian 15 when
we consider Zemanian's slow growth distributions.
w xTo define the Hankel transformation on distributions Zemanian 15
introduced the function space H that consists of all those complexm
` .functions f g C 0, ` such that for every m, k g N
k1m
m 2 ymy1r2g f s sup 1 q x D x f x - `. .  .  .m , k  /x .xg 0, `
When H is endowed with the topology associated to the familym
 m 4g of seminorms, the transformation h is an automorphism ofm , k m , k g N m
 w x. XH Theorem 5.4-1, 15 . The Hankel transformation is defined on Hm m
 .whose elements are distributions of slow growth , the dual space of H , asm
the transpose of the h transformation on H .m m
w xZemanian 14 also considered the space b constituted by all thosem
 .functions f g H such that f x s 0, for every x ) a, and for some a ) 0.m
b is a dense subspace of H . The Hankel transform of b was character-m m m
w xized in Theorem 1 14 .
A convolution operation for a Hankel transformation closely connected
w x w xwith h was investigated by Cholewinski 7 , Haimo 9 , and Hirschmanm
w x10 . The convolution for h is defined as follows: for every measurablem
mq1r2  .functions f , i s 1, 2, such that x f is absolutely integrable on 0, ` ,i i
i s 1, 2, the Hankel convolution f a f of f and f is defined through1 2 1 2
`
f a f x s f y t f y dy , x g 0, ` , .  .  .  .  .  .H1 2 1 x 2
0
 .where the Hankel translation operator t , x g 0, ` , is given byx
`
t f y s f z D x , y , z dz , x , y g 0, ` , 1 .  .  .  .  .  .Hx 2 2 m
0
and being
`
ymy1r2 ’ ’’D x , y , z s t xt J xt yt J yt zt J zt dt , .  .  .  .Hm m m m
0
x , y , z g 0, ` . .
The investigation on the a-convolution in distribution spaces was started
w xby de Sousa Pinto 13 . Recently, in a series of papers, Betancor and
w x w x.Marrero 3]6 and 12 have developed the theory of the distributional
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a-convolution on H X and b X , the dual spaces of H and b , respectively.m m m m
Specifically, if T g H X and f g H , the Hankel convolution T a f of T andm m
f is defined by
 :T a f x s T , t f , x g 0, ` . 2 .  .  .  .x
w x ymy1r2 .In Proposition 3.5 12 it was proved that x T a f g O, the space
of multipliers of H , for every T g H X and f g H . The authors defined inm m m
w x1 the a-convolution of distribution of exponential growth.
Throughout this paper we will denote by C a positive constant not
necessarily the same in each occurrence.
2. THE SPACE OF TEMPERED H-GENERALIZED
FUNCTIONS
We now introduce the spaces of functions and generalized functions that
we will consider in the other sections.
Let q g N. We denote by A the space of functions that consists of allq, m
`  . mq1r2 m  .those f g b such that H f x x dx s a , where a s 2 G m q 1 ,m 0 m m
`  . 2 kqmq1r2and H f x x dx s 0, for k s 1, 2, . . . , q. The space A is0 q, m
w x ` .nonvoid. Indeed, according to p. 7 8 , there exists w g C 0, `
 . `  .having compact support on 0, ` and such that H w x dx s 1 and0
` k  .H x w x dx s 0, for k s 1, . . . , q. It is not hard to see that the function0
 . ymq1r2  2 .  .f x s 2a x w x , x g 0, ` , is in A .m q, m
 .Let f be a function defined on 0, ` . For every 0 - e F 1 we define
f x s eymy3r2f xre , x g 0, ` . .  .  .e
It is clear that if f g A then f g A , for each 0 - e F 1.q, m e q, m
The space E is constituted by all those complex valued functionsm, M
defined on A such that there exists N g N for which to each f g A1, m N, m
there correspond c, h ) 0 satisfying
c
R f F , 0 - e - h . .e Ne
 .By G we denote the set of all those increasing real sequences aq q g N
such that a ª `, as q ª `.q
The space I is the subspace of E that consists of all thosem m , M
R g E fulfilling the following property: there exist N g N andm, M
 .a g G such that for each q G N and f g A there exist c, h ) 0q q g N q, m
for which
a yNqR f F ce , 0 - e - h . .e
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 .By E we represent the space of all those functions R: A = 0, ` ªm 1, m
 . ` .C, such that for every f g A the function R f, ? is in C 0, ` .1, m
 .The space E t wants to mean tempered is constituted by all thosem, t
functions R g E such that for every k g N there exists N g N such thatm
for every f g A there exist c, h ) 0 for whichN , m
Nk 21 1 q x .ymy1r2D x R f , x F c , .e N /x e
x g 0, ` and 0 - e - h . .
The space H can be seen as a subspace of E . Indeed, if f g H then itm m , t m
 .  .is not hard to see that the function R defined by R f, x s f x , f g A1, m
 .and x g 0, ` is in E .m, t
w xIn 2 the space O of multipliers of H is characterized as follows: am
` .function ¨ g C 0, ` is a multiplier of H if, and only if, for every k g Nm
there exists n g N such that
k1yn21 q x D ¨ x .  . /x
 . mq1r2is bounded on 0, ` . The space x O is also a subspace of E .m, t
Moreover, if ¨ g O and R g E then the mappingm, t
¨R: A = 0, ` ª C .1, m
f , x ª ¨ x R f , x .  .  .
is in E . In particular, xymy1r2 fR g E , provided that R g E andm, t m , t m , t
f g H .m
1mq1r2 2 2  .Since the Bessel operator S can be written x x D qm x
1 ymy1r2 . ..2m q 2 D x it is easy to see that if R g E then them, tx
mapping
S R: A = 0, ` ª C .m 1, m
f , x ª S R f , x .  .m , x
is in E .m, t
We denote by N the subspace of E that consists of all thosem, t m , t
functions R g E satisfying the following property: for every k g N therem, t
 .exist N g N and a g G such that for every q G N and f g Aq q g N q, m
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there are c, h ) 0 for which
k1 Nymy1r2 2 a yNqD x R f , x F c 1 q x e , .  .e /x
x g 0, ` and 0 - e - h . .
We call tempered H-generalized functions to the elements of the
quotient space H s E rN .m, t m , t m , t
If G is an element of H having as a representative R g E andm, t m , t
f g H we define S G and fG the elements of H that have as represen-m m m , t
tatives S R and xymy1r2 fR, respectively, where S R and xymy1r2 fR arem m
understood as above.
3. INTEGRATION OF TEMPERED H-GENERALIZED
FUNCTIONS
Let G be in H and let R g E be a representative of G i.e.,m, t m , t
.G s R q N . We define the integral of G as the element of the quotientm, t
space E rI defined as follows. Let f g A and 0 - e F 1. Sincem, M m 1, m
R g E we can find N g N such that for every f g A there existm, t N, m
c, h ) 0 for which
N2c 1 q x .ymy1r2x R f , x F , x g 0, ` and 0 - e - h . 3 .  .  .e Ne
 . Moreover, since A is contained in b , h f is in H Theorem 5.4-1,N, m m m e m
w x.15 .
 . `  . .  .We define I f s H h f x R f , x dx, for every f g A andR e 0 m e e N, m
 .0 - e - h. On the other hand, we define I f s 0, when f f A orR e N, m
e G h.
Thus I g E . Indeed, let f g A and 0 - e - h. A straightforwardR m , M N, m
manipulation leads to
`
ymy1r2I f s e R f , x h f e x dx. .  .  .  .HR e e m
0
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 .  .By 3 , since h f g H , we getm m
` NyNymy1r2 mq1r2 2I f F ce x 1 q x h f e x dx .  .  .  .HR e m
0
N2 2 mq1 2 mq1
` `1 q x x x .yN y3 Ny2 pF ce dx F ce dx ,H H pNqp 220 0 1 q x .1 q e x . .
where p g N is such that p ) m q 1.
Suppose now that N g N is such that for every f g A there exist1 N , m1
c , h ) 0 for which1 1
N12c 1 q x .1ymy1r2x R f , x F , x g 0, ` and 0 - e - h . 4 .  .  .e 1N1e
X  .Define I f , f g A and 0 - e F 1, by replacing N and h by NR e 1, m 1
 4and h in the definition of I . If N s max N, N we note that for each1 R 2 1
f g AN , m2
X  4I f y I f s 0, when 0 - e - min h , h . .  .R e R e 1
Hence I y I X is in I , and the definition of I , as an element ofR R m R
 .E rI does not depend on N, provided that N fulfills 3 .m, M m
By proceeding in a similar way we can prove that if R and R are in1 2
E and R y R g N then I y I g I .m,t 1 2 m , t R R m1 2
 .Now we define the integral I G of G as the element I q I ofR m
E rI , where R is a representative of G.m, M m
In the following Proposition it is established that the usual integral
respect to the measure x mq1r2 dx coincides with the new integral on H inm
the sense of equality in E rI .m, M m
 . `  . mq1r2PROPOSITION 3.1. Let f g H . Then I f s H f x x dx as elementsm 0
of E rI .m, M m
Proof. Since f g H , f can be seen as an element of E rN havingm m , t m , t
 .as a representative the function R defined on A = 0, ` by1, m
R: A = 0, ` ª C .1, m
f , x ª f x . .  .
We have for every f g A and 0 - e F 1,1, m
`
mq1r2I f y f x x dx .  .HR e
0
`
ymy1r2 mq1r2s f x x h f x y 1 x dx. .  .  .H m e
0
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Let q g N and f g A . For each 0 - e F 1, we can writeq, m
ymy1r2ymy1r2x h f x y 1 s e x h f e x y 1 .  .  .  .  .m e m
`
mq1r2s z f z b e xz dz , x g 0, ` , .  .  .H m , q
0
where
n 2 n`1 y1 zr2 .  .
b z s , z g 0, ` . .  .m , q m2 n! G n q m q 1 .nsqq1
 .  . w xThen according to 2.2 and 2.3 11 it infers
 .2 qq1ymy1r2x h f x y 1 F C e x , x g 0, ` . 5 .  .  .  .  .m e
Since f g H , if p g N and p ) m q q q 2, thenm
`
mq1r2I f y f x x dx .  .HR e
0
`
2 mq1q2qq1.x
2 qq1. 2qq1.F Ce dx F Ce , e ) 0.H p20 1 q x .
` mq1r2 .  .Hence I f y H f x x dx g I and thus the proof is finished.R e 0 m
It is easy to see that
` `
S f x g x dx s f x S g x dx .  .  .  . .  .H Hm m
0 0
for every f , g g H . We now extend the above formula to temperedm
H-generalized functions.
PROPOSITION 3.2. Let G g H and f g H . Thenm, t m
I fS G s I S f G . .  . .m m
Proof. Let R be a representative of G. Then S G g H and S R,m m , t m
defined as in Section 2, is a representative of S G. A representative ofm
 . ymy1r2f S G is x fS R.m m
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By partial integration, for every f g A and 0 - e F 1, we obtain1, m
h
ymy1r2S R f , x f x x h f x dx .  .  .  . .H m e m e
d
h
ymy1r2s R f , x S f x x h f x dx .  .  . .H e m m e
d
ymy1r2q D x R f , x f x h f x .  .  .  .e m e
h
mq1r2 y2 my1yR f , x x D x f x h f x , d , h ) 0. .  .  .  .e m e d
Hence, there exist N g N and h ) 0 such that for every f g A andN, m
0 - e - h
`
ymy1r2S R f , x f x x h f x dx .  .  .  . .H m e m e
0
`
ymy1r2s R f , x S f x x h f x dx. .  .  .  .H e m m e
0
Moreover, a straightforward manipulation leads to
ymy1r2S f x x h f x .  .  .m m e
s S f x xymy1r2 h f x .  .  . .m m e
1
ymy1r2q 2m q 2 f x D x h f x .  .  .  .m e /x
1 1
mq5r2 ymy1r2 ymy1r2q 2 x D x f x D x h f x .  .  .m e /  /x x
21
2 ymy1r2q x D x h f x f x , .  .  .m e /x
x g 0, ` , 0 - e F 1 and f g A . . N , m
Finally, by proceeding as in the proof of Proposition 3.1, we can see that
the mappings R , R , and R defined by1 2 3
` 1¡ ymy1r2f x D x h f x R f , x dx , .  .  .  .H m e e /x0~R f s .1 e f g A and 0 - e - h ,N , m¢
0, otherwise,
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` 1 1¡
mq5r2 ymy1r2 ymy1r2x D x f x D x h f x .  .  .H m e /  /x x0~R f s .2 e
=R f , x dx , f g A and 0 - e - h , .e N , m¢
0, otherwise
and
2¡ ` 1
2 ymy1r2x f x D x h f x R f , x dx , .  .  .  .H m e e /x0~R f s .3 e
f g A and 0 - e - h ,N , m¢
0, otherwise
are in I . Thus we complete the proof.m
4. THE HANKEL TRANSFORM OF TEMPERED
H-GENERALIZED FUNCTIONS
In this section we define the Hankel transformation on H andm, t
investigate some of its properties.
Let G g H and let R g E be a representative of G. There existsm, t m , t
 .N g N for which for every f g A there exist c and h ) 0 such that 3N, m
holds.
 .Hence, for every x g 0, ` , the function
ymy1r2’xy J xy R f , y y h f y g L 0, ` , .  .  .  .  .m e m e 1
provided that f g A and 0 - e - h, and we can defineN, m
`
ymy1r2’h R f , x s xy J xy R f , y y h f y dy , .  .  .  .  . . Hm e m e m e
0
x g 0, ` , .
for each f g A and 0 - e - h. When f f A or e G h, we defineN, m N, m
h R f , x s 0, x g 0, ` . .  . .m e
 .  . w x.Well-known properties of the Bessel functions 6 and 7 § 5.1 15
 . . ` .allow to prove that for each f g A , h R f, ? g C 0, ` . Assume1, m m
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now f g A and 0 - e - h. For every k g N, one hasN , m
k1
ymy1r2D x h R f , x . .m e /x
`k ymyk 2 ks y1 xy J xy y R f , y .  .  .  .H mqk e
0
=h f y dy , x g 0, ` . 6 .  .  .  .m e
 . ym  .  .  .By 6 , since z J z is bounded on 0, ` and h f g H , it followsm m m
k1
ymy1r2D x h R f , x . .m e /x
N2
` 1 q y . ymy1r22 kq2 mq1F C y e y h f e y dy .  .  .H mNe0
`C Nyp2 2 kq2 mq1F 1 q y y dy , .HNq2 pe 0
where p g N and p ) N q k q m q 1.
Hence h R g E . Moreover, if N g N is such that for every f g Am m , t 1 N , m1
 .  .there exist c , h ) 0 for which 4 holds, and h R 9 is defined as h R by1 1 m m
 .replacing N by N and h by h , then h R y h R 9 g N . Also, if R1 1 m m m , t 1
and R are two representatives of G then h R y h R g N . Indeed,2 m 1 m 2 m , t
 .let k g N. There exist N g N and a g G such that for every q G Nq q g N
and f g A there are c, h ) 0 for whichq, m
Nymy1r2 2 a yNqy R f , y y R f , y F c 1 q y e , .  . .  .1 e 2 e
y g 0, ` and 0 - e - h . .
 .By 6 it follows that if p ) N q k q m q 1
k1
ymy1r2 a yNy2 pqD x h R f , x y h R f , x F Ce , .  . .  .m 1 e m 2 e /x
x g 0, ` and 0 - e - h , .
for every q G N and f g A .q, m
Now we define the Hankel transform h G of G as the element h R qm m
N of H . Thus h maps H into itself.m, t m , t m m , t
w xZemanian 15 proved that the Hankel transformation is an automor-
 .phism of H . Moreover H is contained in H Section 2 . We establishm m m , t
now that the Hankel transform defined here reduces to the usual Hankel
transformation when it acts on H .m
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PROPOSITION 4.1. Let f g H . Then h f coincides with the functionm m
`’F y s xy J xy f x dx , y g 0, ` , .  .  .  .H m
0
as elements of H .m, t
Proof. A representative of h f is the functionm
` ymy1r2’R f , x s xy J xy f y e y h f e y dy , .  .  .  .  .  .H1 e m m
0
x g 0, ` , f g A and 0 - e F 1, . 1, m
and a representative of F g H is defined bym
R f , x s F x , x g 0, ` , f g A and 0 - e F 1. .  .  .2 e 1, m
It is sufficient to see that R y R g N . Indeed, if k, q g N, f g A1 2 m , t q, m
 .  .and 0 - e F 1, 5 and 6 allow to write
k1
ymy1r2 2qq1.D x R y R f , x F Ce , x g 0, ` . .  .  .1 2 e /x
Next Parseval equality for the Hankel transform is proved.
PROPOSITION 4.2. Let G g H and f g H . Thenm, t m
I h G f s I Gh f . .  . .  .m m
Proof. Let R be a representative of G. Then, if N g N is such that for
 .every f g A there exists c, h ) 0 for which 3 holds, a representativeN, m
 .of I Gh f is defined bym
`¡ ymy1r2x R f , x h f x h f x dx , .  .  .  .  .H e m e m
0~J f s .1 e f g A and 0 - e - h ,N , m¢
0, otherwise.
If f g A and 0 - e - h then Fubini Theorem allows to writeN, m
`
ymy1r2x R f , x h f x h f x dx .  .  .  .  .H e m e m
0
` `
ymy1r2 ’s f z x R f , x h f x xz J xz dx dz. .  .  .  .  .H H e m e m
0 0
NOTE304
A representative of h G is given bym
`¡ ymy1r2’xy J xy R f , x x h f x dx , .  .  .  .H m e m e
0~J f , y s .e f g A and 0 - e - h ,N , m¢
0, otherwise,
 .   . .for every y g 0, ` , and a representative of I h G f ism
`¡ ymy1r2y J f , y f y h f y dy , .  .  .  .H e m e
0~J f s .2 e f g A and 0 - e - hN , m¢
0, otherwise.
Let f g A and 0 - e - h. Then one hasN , m
J f y J f .  .1 e 2 e
` `
ymy1r2’s xy J xy R f , x h f x x f y .  .  .  .  .H H m e m e
0 0
= 1 y yym y1r2 h f y dy dx .  . .m e
` ` ymy1r2 ymy1r2’s xy J xy R f , x xe h f e x x f y .  .  .  .  .  .H H m e m
0 0
= 1 y yym y1r2 h f y dy dx. .  . .m e
 .  .  .Now by taking into account that h f and f g H and by 3 and 5 , wem m
can conclude that J y J g I . Thus the proof is completed.1 2 m
 .It is known that if f is a measurable function on 0, ` such that
` `
mq1r2 mq1r2f x x dx - ` and h f x x dx - ` .  .  .H H m
0 0
  ..  .  .then h h f s f , a.e. Lebesgue on 0, ` . The corresponding result form m
the Hankel transform on H is the following one.m, t
PROPOSITION 4.3. Let G g H . Thenm, t
I h h G f s I Gf for e¨ery f g H . . . .m m m
Proof. Let f g H . According to Proposition 4.2 and Theorem 5.4-1m
w x15 , we have
I h h G f s I Gh h f s I Gf . . .  . .  .m m m m
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The relation between the Hankel transform and the Bessel operator Sm
is described in the next Proposition.
PROPOSITION 4.4. Let G g H . Thenm, t
 .  .  2 .a S h G s h yx G ,m m m
 .   . .  2  . .b I h S G f s I yx h G f , for e¨ery f g H .m m m m
Proof. Let R be a representative of G. Then S R is a representative ofm
S G. Moreover, there exists N g N such that for every f g A therem N, m
 .exist c, h ) 0 for which 3 holds and
N2c 1 q x .
2 ymy1r2x x R f , x F , 0 - e - h and x g 0, ` . .  .e Ne
 .  .  2 .Hence representatives of h G , S h G , and h yx G are defined,m m m m
respectively, by
`¡ ymy1r2’xy J xy R f , y y h f y dy , .  .  .  .H m e m e
0~R f , x s .1 e f g A and 0 - e - h ,N , m¢
0, otherwise,
`¡ ymy1r2’S xy J xy R f , y y h f y dy , .  .  .  .Hm m e m e
0~R f , x s .2 e f g A and 0 - e - hN , m¢
0, otherwise,
and
`¡ 2 ymy1r2’y y xy J xy R f , y y h f y dy , .  .  .  .H m e m e
0~R f , x s .3 e f g A and 0 - e - h ,N , m¢
0, otherwise.
By differentiating under the integral sign we can see that R s R and2 3
 .thus a is proved. On the other hand, according to Propositions 3.2 and
4.2 we have
I fh S G s I h f S G s I S h f G . .  . .  .  . .m m m m m m
w xAlso by invoking Lemma 5.4-1 15 it follows that
I S h f G s I h yx 2 f G s I yx 2 fh G . .  . . .  . .m m m m
 .Thus b is established.
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X w xLet T g H , the dual space of H . It was proved in Proposition 3.5 12m m
ymy1r2 .that x T af is in O, the space of multipliers of H , for everym
f g H . Moreover, as we will prove in the following, the mappingm
 .  . .  .R f, x s T af x , f g A and x g 0, ` , is in E . Thus we can1, m m , t
consider T as an element of E .m, t
X  .  . .PROPOSITION 4.5. Let T g H . Then the mapping R f, x s T af x ,m
 .f g A and x g 0, ` , is in E .1, m m , t
X ymy1r2 . .Proof. Let T g H . Since A is contained in b , x T af x ism 1, m m
 w x.  . ` .in O Proposition 3.5 12 and, in particular, R f, ? g C 0, ` .
On the other hand, by taking into account the proof of Proposition 3.5
w x12 we can find N g N such that for every k g N and f g H , there existsm
c ) 0 for which
k1 Nymy1r2 2D x T af x F c 1 q x , x g 0, ` . .  .  .  . /x
By proceeding in a similar way we can prove that for every k g N there
exists N g N such that for each f g A we find c ) 0 such that1, m
Nk 21 c 1 q x .ymy1r2D x T af x F , .  .e N /x e
0 - e F 1 and x g 0, ` . 7 .  .
Thus the proof is completed.
w x XZemanian 15 defined the Hankel transformation on H as the trans-m
pose of the classical Hankel transform on H , that is, if T g H X the Hankelm m
transformation hX T of T is defined bym
hX T , f s T , h f , f g H . 8 :  :  .m m m
X  . XSince H is contained in E in the sense of Proposition 4.5 , H can bem m , t m
seen as a subspace of H . In the next Proposition we will prove that them, t
Hankel transformation defined in this section coincides on H X with them
 .Hankel transformation defined by 8 , in a certain sense.
PROPOSITION 4.6. Let T g H X. Thenm
I hX T f s I h T f , for e¨ery f g H . .  . .  .m m m
X  .Proof. Representatives of T and h T as elements of H arem m , t
R f , x s T af x , f g A and x g 0, ` .  .  .  .1 1, m
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and
R f , x s hX T af x , f g A and x g 0, ` , .  .  . .2 m 1, m
 X . .respectively. Let f g H . A representative of I h T f is defined bym m
`
X ymy1r2R f s h T af x x f x h f x dx , f g A . .  .  .  .  . .H3 m m 1, m
0
Moreover, the mapping R defined on A by4 1, m
`
XR f s h T af x f x dx , f g A , .  .  . .H4 m 1, m
0
 .is such that R y R g I . Indeed, by taking into account 7 there exists3 4 m
N g N such that for every f g A there is C ) 0 for whichq, m
2 qq1.yNR f y R f F Ce , 0 - e F 1. .  .3 e 4 e
 . w xMoreover, according to 3.1 3 one has
`
ymy1r2’R f s T t , xt J xt t h f t f x dx , f g A . .  .  .  .  .  . ;H4 m m 1, m
0
We now prove that
`
ymy1r2’T t , xt J xt t h f t f x dx .  .  .  .  . ;H m m
0
s T t , tymy1r2 h f t h f t , f g A . 9 : .  .  .  .  .  .m m 1, m
Let f g A . Let a ) 0 and m, k g N. Leibniz rule leads to1, m
k
`1m2 ymy1r2 ymy1r2’1 q t D t xt J xt f x dx t h f t .  .  .  .  .H m m / /t a
k ` mymyik 2 iqmq1r2 2F xt J xt x f x dx 1 q t .  .  .  . H mqi /i ais0
ky i1
ymy1r2= D t h f t .  .m /t
k `
2 iqmq1r2F C x f x dx , t g 0, ` . .  . H
ais0
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Thus, since f g H , we can conclude thatm
`
ymy1r2’xt J xt f x dx t h f t ª 0, as a ª `, in H . 10 .  .  .  .  .H m m m
a
In a similar way, it gets
a
ymy1r2’xt J xt f x dx t h f t ª 0, as a ª 0, in H . 11 .  .  .  .  .H m m m
0
Let now 0 - a - b - `. We can write
b ymy1r2’T t , xt J xt f x t h f t dx .  .  .  .  . ;H m m
a
nb y a
ymy1r2s lim T t , x t J x t f x t h f t .  .  .  .  .’ ; i m i i mnnª` is1
nb y a
ymy1r2s lim T t , x t J x t f x t h f t , .  .  .  .  .’ i m i i m ;nnª` is1
12 .
 .where x s a q i b y a rn, i s 1, . . . , n. Let m, k g N. For every n g N,i
n G 1, one has
k n1 b y am2 ymy1r21 q t D t x t J x t f x .  .  .’ i m i i /t n is1
b ymy1r2’y xt J xt f x dx t h f t .  .  .  .H m m
a
k nb y akj ymyj 2 jqmq1r2s y1 x t J x t x f x .  .  .  .  i myj i i i / /j njs1 is1
b ymyj 2 jqmq1r2y xt J xt x f x dx .  .  .H myj
a
ky j1m2 ymy1r2= 1 q t D t h f t , tg 0, ` . .  .  .  .m /x
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ym  .  .Then since f , f g H and z J z is bounded on 0, ` , for every e ) 0m m
there exists t ) 0 such that0
k n1 b y am2 ymy1r21 q t D t x t J x t f x .  .  .’ i m i i /t n is1
b ymy1r2’y xt J xt f x dx t h f t - e , .  .  .  .H m m
a
being t ) t and n g N, n G 1.0
2 jqmq1r2 .ymyj  .  .Moreover, since x xt J xt f x is a continuous functionmqj
 . w x w xon x, t g a, b = 0, t ,0
k n1 b y am2 ymy1r21 q t D t x t J x t f x .  .  .’ i m i i /t n is1
b ymy1r2’y xt J xt f x dx t h f t ª 0, .  .  .  .H m m
a
w xas n ª `, uniformly in t g 0, t .0
Hence we can conclude that
nb y a
ymy1r2lim x t J x t f x t h f t .  .  .  .’ i m i i mnnª` is1
b ymy1r2’s xt J xt f x dx t h f t , in H . 13 .  .  .  .  .H m m m
a
 .  .From 12 and 13 it deduces
b ymy1r2’T t , xt J xt f x t h f t dx .  .  .  .  . ;H m m
a
b ymy1r2’s T t , xt J xt f x dx t h f t . .  .  .  .  .H m m ;
a
X w xMoreover, since T g H according to Lemma 1.8-1 15 and by takingm
ym  .  .into account again that f , f g H and that z J z is bounded in 0, ` ,m m
we obtain
`
ymy1r2’lim T t , xt J xt f x t h f t dx s 0 14 .  .  .  .  .  . ;H m m
aª` a
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and
a
ymy1r2’lim T t , xt J xt f x t h f t dx s 0. 15 .  .  .  .  .  . ;H m m
aª0 0
 .  .  .  .  .By combining 12 , 13 , 14 , and 15 we conclude 9 .
 . .   ..On the other hand, by Proposition 4.2 I h T f s I T h f . A repre-m m
  ..sentative of I T h f is defined bym
`
ymy1r2R f s T af x x h f x h f x dx , f g A . .  .  .  .  .  . .H5 m m e 1, m
0
Moreover, by proceeding as above R y R g I , where5 6 m
`
 :R f s T , t f h f x dx .  . .H6 x m
0
`
ymy1r2 ’s T t , h z zx J zx h f z t h f x dx .  .  .  .  .  .  . ;H  /m m m m
0
`
X ymy1r2 ’s h T z , z zx J zx h f z h f x dx , .  .  .  .  .  . ; .H m m m m
0
f g A .1, m
Also, we can prove that
`
X ymy1r2 ’R f s h T z , z h f z zx J zx h f x dx .  .  .  .  .  .  . . H6 m m m m ;
0
s hX T z , zymy1r2 h f z f z , f g A . : .  .  .  . .m m 1, m
Define now
R f s hX T z , f z , f g A . : .  .  . .7 m 1, m
We have that R y R g I . Indeed, let f g A . According to6 7 m 1, m
w xTheorem 1.8-1 15 , there exist C ) 0 and n g N such that for every
0 - e F 1
R f y R f FC max sup .  .6 e 7 e
0 F m , k F n  .z g 0, `
k1m2 ymy1r2 ymy1r2= 1 q z D z z h f z y 1 f z . 16 .  .  .  .  .m e /z
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Let i, q g N such that i F n F q and let f be a function in A . Itq, m
follows that
i i
`1 1
ymy1r2 mq1r2D z h f z y 1 s D b e zt t f t dt .  .  .  .Hm e m , q /  /z z 0
`i 2 i mq1r2q2 is y1 e b e zt t f t dt , .  .  .H mqi , qyi
0
0 - e F 1 and z g 0, ` , .
 .  m. `  . r .2 r  .  .where b z s 1r2  y1 zr2 rr! G r q m q 1 , z g 0, `m, l rslq1
 .  . w xand l g N. Then, according to 2.2 and 2.3 11 one has
i1  .2 qq1ymy1r2 y2 iD z h f z y 1 F C e z z , .  .  .m e /z
z g 0, ` and 0 - e F 1. 17 .  .
 .  .Since f g H , from 16 and 17 it deduces thatm
2 qq1. 2qq1.ynR f y R f F Ce F Ce , 0 - e F 1. .  .6 e 7 e
Hence R y R g I .6 7 m
 .  :Moreover R f s T , h f , f g A .7 m 1, m
In a similar way we can see that R y R g I . Thus the proof is7 4 m
finished.
5. HANKEL TRANSLATION OF TEMPERED
H-GENERALIZED FUNCTIONS
In this section we define the Hankel translation of tempered
H-generalized functions. Let G be in H and let R g E be a represen-m, t m , t
tative of G.
ymy1r2’ .  .  .Since for every t g 0, ` , the function k x s x xt J xt is int m
 . .O, the function k x h R is in E , where h R is defined as in Sectiont m m , t m
 . .4. Moreover if R g E is other representative of G then k x h R y1 m , t t m
 . .  .  .k x h R g N , t g 0, ` . We denote for every t g 0, ` by G thet m 1 m , t t
 .  .element of H having to k x h R as a representative. Now we definem, t t m
 .the Hankel translation t G, t g 0, ` , of G byt
t G s h G , t g 0, ` . 18 .  .  .t m t
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 .  .Note that by Sections 2 and 4 t G g H , t g 0, ` . For every t g 0, ` ,t m , t
a representative of t G is t R defined byt t
t R f , x .  .t e
ymy1r2¡h k z z h f z h .  .  .m t m e m
ymy1r2= R f , y y h f y z x , .  .  .  .  .~ e m es
f g A and 0 - e - h ,N , m¢
0, otherwise,
 .for every x g 0, ` and for certain N g N and h ) 0.
X w x X  .Let now T g H . In 4 we define the Hankel translation t T , t g 0, ` ,m t
of T as the element of H X defined throughm
 X :  :t T , f s T , t f , f g H and t g 0, ` . 19 .  .t t m
 .We now establish that the Hankel translation t , t g 0, ` , defined byt
 . X  .18 reduces, acting on H , to the Hankel translation given by 19 .m
X  .PROPOSITION 5.1. Let T g H . Then for e¨ery t g 0, ` and f g Hm m
I t T f s I t XT f . .  . .  .t t
 .Proof. Let f g H and t g 0, ` . According to Proposition 4.2 we canm
write
I t T f s I h T k x h f s I Th k x h f . 20 .  .  .  .  .  . .  .  .  . .t m t m m t m
w xAlso, according to Lemma 2.1 4 ,
t XT s hX k x hX T . . .t m t m
Then, by again Proposition 4.2 and Proposition 4.6 we have
X XI t T f s I h T k x h f s I Th k x h f . .  .  .  .  .  . .  .  . .t m t m m t m
Thus the proof is completed.
Note that by taking into account Proposition 4.1 is is not hard to see
 .  .that if f g H the Hankel translation t f, t g 0, ` , defined by 18m t
 .reduces to the usual Hankel translation defined by 1 .
Also, by proceeding as in the proof of the last Proposition we can
establish the following.
PROPOSITION 5.2. For e¨ery G g H and f g H ,m, t m
I t G f s I G t f , t g 0, ` . .  .  . .  .t t
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The property stated in the next Proposition is an extension of the one
w xpresented in Proposition 2.1 12 .
 .PROPOSITION 5.3. Let G g H and t g 0, ` . Thenm, t
I S t G f s I t S G f , f g H . .  . .  .m t t m m
 .Proof. Let G g H and t g 0, ` . According to Proposition 3.2,m, t
w xProposition 5.1, and Proposition 2.1 12 , we have
I S t G f s I t G S f s I G t S f . .  .  . .  .  .m t t m t m
s I G S t f s I t S G f , f g H . .  . .  .m t t m m
6. HANKEL CONVOLUTION OF TEMPERED
H-GENERALIZED FUNCTIONS
Let G be in H , i s 1, 2. The Hankel convolution of G )G of Gi m , t 1 2 1
and G is defined as follows. Let R g E be a representative of G ,2 i m , t i
i s 1, 2. We choose N g N such that for every f g A there existN , m
c, h ) 0 for which
N21 q x .ymy1r2x R f , x F c , 0 - e - h and x g 0, ` , .  .i e Ne
for i s 1, 2.
 .As in Section 5 we define for every t, x g 0, `
t R f , x .  .t 2 e
ymy1r2¡h k z h R f , y y h f y .  .  .  .m t m 2 e m e
ymy1r2= z z h f z x , .  .  .  .~ m es
f g A and 0 - e - h ,N , m¢
0, otherwise.
Now the function R ) R is defined by1 2
`¡ ymy1r2R f , x t R f , x x h f x dx , .  .  .  .  .H 1 e t 2 e m e
0~R ) R f , t s .  .1 2 e f g A and 0 - e - hN , m¢
0, otherwise,
21 .
 .for every t g 0, ` .
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Thus R ) R g E . Indeed let k g N. We can write1 2 m , t
k1
ymy1r2D t R ) R f , t .  .1 2 e /t
`k ymyk2 ks y1 h z zt J zt h .  .  .H m mqk m
0
ymy1r2= R f , y y h f y .  .  .2 e m e
= z zymy1r2 h f z x R f , x xymy1r2 .  .  .  .  .5m e 1 e
= h f x dx , fg A , 0-e-h and tg 0, ` . .  .  .m e N , m
Hence by taking into account that A ; b and that the function1, m m
ym  .  .z J z is bounded in 0, ` , we can conclude that R ) R g E .m 1 2 m , t
Moreover if RX be in E , such that R y RX g N , i s 1, 2, theni m , t i i m , t
R ) R y RX ) RX g N . Indeed, we choose N g N such that for every1 2 1 2 m , t
f g A there exist c, h ) 0 for whichN , m
N21 q x .ymy1r2x R f , x F c , 0 - e - h and x g 0, ` , 22 .  .  .e Ne
where R represents R or RX , i s 1, 2.i i
 .We can write for every t g 0, ` , f g A and 0 - e - h,N , m
R ) R y RX ) RX f , t .  .1 2 1 2 e
X X Xs R y R ) R q R ) R y R f , t .  .  .1 1 2 1 2 2 e
`
X ymy1r2s R f , x y R f , x t R f , x x h f x dx .  .  .  .  .  .H 1 e 1 e t 2 e m e
0
`
X X ymy1r2q R f , x t R y R f , x x h f x dx. 23 .  .  .  .  .  .H 1 e t 2 2 e m e
0
ym  .  .  .Let k g N. Since z J z is a bounded function on 0, ` , by 22 itm
follows
k
`1
Xymy1r2D t R f , x y R f , x .  .H 1 e 1 e /t 0
ymy1r2= t R f , x x h f x dx .  .  .  .t 2 e m e
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` ymyk 2 k ymy1r2F h zt J zt z h R f , y y h f y .  .  .  .  .H m mqk m 2 e m e
0
ymy1r2= z z h f z x .  .  .  .4m e
X ymy1r2= R f , x y R f , x x h f x dx .  .  .  .1 e 1 e m e
`
X ymy1r2F C R f , x y R f , x x h f x dx .  .  .  .H 1 e 1 e m e
0
`
2 k ymy1r2= z z h f z dz .  .H m e
0
N2
` 1 q y .
mq1r2 ymy1r2= y y h f y dy , tg 0, ` .  .  .H m eNe0
fg A and 0-e-h .N , m
X  .`Since R y R g N , there exist N g N and a g G such that1 1 m , t 1 q qs1
for every q G N and f g A there exist c , h ) 0 for which1 q, m 1 1
NX 1ymy1r2 2 a yNq 1x R f , x y R f , x F c 1 q x e , .  .  .1 e 1 e 1
x g 0, ` and 0 - e - h . . 1
` w  . X  .x . . ymy1r2  . .Hence H R f , x y R f , x t R f , x x h f x dx is in0 1 e 1 e t 2 e m e
 .N . In a similar way we can prove that the second term in the sum in 23m, t
is also in N . Thus we conclude that R ) R y RX ) RX is in N , as itm, t 1 2 1 2 m , t
had been stated.
Now we define the Hankel convolution G )G of G and G as the1 2 1 2
element of H having as a representative the function R ) R definedm, t 1 2
 .as 21 .
w x w xIn 5 and 12 Betancor and Marrero investigated the Hankel convolu-
tion on H X . They found the subspace OX of H X of convolution operatorsm m , a m
X  w x w x. X Xof H Proposition 2.5 5 and Proposition 4.2 12 . If T g H and S g Om m m , a
then the Hankel convolution T a S of T and S is the element of H Xm
defined by
 : :T a S, f s T , S a f , f g H , 24 .m
 . w xwhere S a f is defined by 2 . In Proposition 4.3 12 it was established that
S a f g H , for every S g OX and f g H . If T g H X and S g OX we canm m , a m m m , a
define two Hankel convolutions of T and S, namely: T )S as elements of
 .H and T a S, defined by 24 . Our next objective is to prove that T )Sm, t
and T a S, as elements of H , coincide in a weak sense. Previously wem, t
establish several useful results.
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LEMMA 6.1. Let S g OX and f g H . Thenm, a m
S) f s S a f .
w xProof. By Proposition 4.3 12 , S a f g H . We have to see that them
function
R f , x s S a f x , f g A and x g 0, ` , .  .  .  .1, m
is a representative of S) f.
A representative of S g OX is the function R defined bym, a 1
R f , x s S af x , f g A and x g 0, ` . .  .  .  .1 1, m
Since A ; b , S af g H , f g A and then a representative of1, m m m 1, m
S) f is the function
`
R f , x s S af y t f y dy s S af a f x , .  .  .  .  .  .  .H2 x
0
f g A and x g 0, ` . .1, m
 . w xAccording to 1.3 and Proposition 3.7 12 , we have
R f , x s S a f af x , f g A and x g 0, ` . .  .  .  .2 1, m
 w x.Then Parseval's equation Theorem 5.1-2 15 leads to
`
R f , x s f y t S a f y dy .  .  .  .H2 x
0
`
ymy1r2 ’s y h f y xy J xy h S a f y dy , .  .  .  .  .H m m m
0
f g A and x g 0, ` . .1, m
 .Finally by taking into account that h S a f g H and by proceeding asm m
in the proof of Proposition 3.1 we conclude that a representative of S) f is
`’R f , x s xy J xy h S a f y dy , f g A and x g 0, ` . .  .  .  .  .H3 m m 1, m
0
w xBy Theorem 5.4-1 15 , the proof finishes.
LEMMA 6.2. Let T g H X and S g OX . Thenm m , a
I T )S f s I T S a f , f g H . .  . .  . m
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Proof. Let f g H . A representative of T )S in E is given bym m , t
`
ymy1r2R f , x s T af y t S af y y h f y dy , .  .  .  .  .  .  .H x m
0
f g A and x g 0, ` . .1, m
Also, since S af g H , we can take as a representative of T )S in Em m , t
the function
`
R f , x s T af y t S af y dy , f g A and x g 0, ` . .  .  .  .  .  .H1 x 1, m
0
 . .Then a representative of I T )S f in E ism, M
` `
R f s T af y t S af y dy f x dx , f g A . .  .  .  .  .  .H H2 x 1, m
0 0
Here we have taken into account also that f g H .m
By interchanging the order of integration we can write
`
R f s T af y S a f af y dy , f g A . .  .  .  .  .H2 1, m
0
 .Moreover from 5 we can deduce that R y R g I , where2 3 m
`
ymy1r2R f s T af y S a f af y y h f y dy , .  .  .  .  .  .  .H3 m
0
f g A .1, m
 .Then by proceeding as in Lemma 6.1, invoking 7 we conclude that
`
ymy1r2R f s T af y S a f y y h f y dy , f g A .  .  .  .  .  .  .H4 m 1, m
0
 . .is a representative of I T )S f in E . Thus it is established thatm, M
 . .   ..I T )S f s I T S a f .
 . X XLEMMA 6.3. Interchange formula . Let T g H and S g O . Thenm m , a
I h T )S f s I xymy1r2 h T hX S f , f g H . .  .  . .  . /m m m m
Proof. Let f g H . According to Proposition 4.2 and Lemma 6.2 we canm
write
I h T )S f s I T )S h f s I T S a h f . .  .  . .  .  .m m m
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w xNow, by using Proposition 3.7 12 and Proposition 4.2, it follows
I h T )S f s I h T hX S fxymy1r2 .  .  . .  . /m m m
X ymy1r2s I h T h S x f . .  . . /m m
Next we prove that if T g H X and S g OX then T )S and T a Sm m , a
coincide, as elements of H , in a weak sense.m, t
PROPOSITION 6.1. Let T g H X and S g OX . Thenm m , a
I T )S f s I T a S f , f g H . .  . .  . m
Proof. By virtue of Proposition 4.2, it is sufficient to see that
I h T )S f s I h T a S f , f g H . 25 .  .  . .  .m m m
w xLet f g H . According to Proposition 4.5 12 and Proposition 4.6, onem
has
I h T a S f s I hX T a S f s I xymy1r2 hX T hX S f .  .  .  . .  .  . /m m m m
s I hX T xymy1r2 hX S f .  . . /m m
s I h T hX S xymy1r2 f . .  . . /m m
 .Hence, from Lemma 6.3 we deduce 25 .
We now introduce the space E of functions R in E satisfying them, t , r m
following property: for every k g N there exists N g N such that for every
f g A and p g N there are c, h ) 0 for whichN , m
k1 c
ymy1r2D x R f , x F , . pe / N 2x e 1 q x .
0-e-h and xg 0, ` . 26 .  .
Note that E is contained in E . We define H as the quotientm, t , r m , t m , t , r
E rN . In other words, an element G of H is in H if G admits at , m , r m , t m , t m , t , r
representative in E . In particular, OX can be seen as a subspace ofm, t , r m , a
 w x.H because S af g H , for every f g A Proposition 4.3 12 .m, t , r m 1, m
By proceeding essentially in the same way as in the proof of Lemma 6.3
we can establish the following interchange formula that generalizes the
one proved in Lemma 6.3.
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PROPOSITION 6.2. Let G g H and G g H . Then1 m , t 2 m , t , r
ymy1r2I h G )G f s I x h G h G f , f g H . .  .  . .  . /m 1 2 m 1 m 2 m
From Propositions 3.2, 4.2, and 6.2 the following can be immediately
deduced.
 .PROPOSITION 6.3. a Let G g H , i s 1, 2. Theni m , t , r
I G )G f s I G )G f , f g H . .  . .  .1 2 2 1 m
 . Xb Let G g H and G g O . Then for e¨ery k g N1 m , t 2 m , a
I Sk G )G f s I SkG )G f s I G ) SkG f , f g H . . .  .  . /  /  / /  /m 1 2 m 1 2 1 m 2 m
 .c Let G g H . Thenm, t
I G)d f s I Gf , f g H , . . .m m
where d is the element of OX defined bym m , a
d , f s lim a xymy1r2 f x , f g H , :  .m m mqxª0
m  .being a s 2 G m q 1 .m
Properties stated in Proposition 6.3 are extensions of the ones proved in
w xProposition 4.7 12 .
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